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Abstract

In this research, we combined natural transform method with the homotopy perturbation method to
solve some systems of partial differential equations, viz. the systems of coupled Burgers’ equations in one-
and two-dimensions. The nonlinear term can easily be handled using the help of He's polynomial. This
technique is applied in two examples. The both problems are resulted in exact solutions. The nonlinear
problem can be easily solved without using Adomian’s polynomials which is the advantage of this method
over the decomposition method.
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v(z,0) = h(x)
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U 0x?

SW(w,su) — ST N S I P (L) |
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p=0

2’[}01)033 — (’U()’wo)m

2
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p=0

= 2wowo, — (Vowo),

agla
wi(w,t) = N1 _EN O wq + N1 [EN [2wowo, — (vowp) ]}
1(Z, s 922 5 0Wox 0Wo ) 5,
et [un [ 92 -1 v e cne— 2 cing. s
= N _SN[ax25|nx”+N LN{Zsmzaxsmx &U(smx sinz)
1w . 1 |u . a . 2
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1. Introduction

Adomian decomposition method (ADM) [1, 2] is a powerful
decomposition methodology for the practical solution of linear or nonlinear
ordinary differential equations, partial differential equations, integral
equations, etc. However, the main difficulty of the method is to calculate
Adomian’s polynomials, the procedure is very complex. He [3, 4] proposed
homotopy perturbation method for solving differential equations, linear and
nonlinear. The method has been shown to solve effectively and easily of
nonlinear problems, generally a few iterations lead to high accurate solutions.
In 2009, Ghorbani [5] showed that the homotopy perturbation method (HPM)
and He’s polynomials can completely replace the Adomian’s method
and Adomian’s polynomials. There are many integral transform methods
[6, 7-12], existing in the literature to solve ordinary differential equations
such as the Laplace transformation [13], the Sumudu transform [14] and
the Elzaki transform [7-12]. In [15], a combination of Laplace transform
method and homotopy perturbation method (LT-HPM) was reported in order
to solve approximately nonlinear ordinary and partial differential equations.
This method is capable to find analytical approximate solutions without any
simplifications like linearization, perturbation parameters, among others. The
importance of research on LT-HPM is that many phenomena of nonlinear
nature such as convection-diffusion equation [16], nonlinear shock wave
equation [17] and Klein-Gordon equation are covered. Furthermore,
fractional model has also been studied with the help of homotopy
perturbation method [18]. Kumar et al. [19] investigated local fractional
Zakharov-Kuznetsov equation by using a technique based on LT-HPM.
Kumar et al. [20] also applied a numerical scheme, namely, homotopy
analysis Sumudu transform algorithm to obtain the analytical and
numerical solutions of a nonlinear differential difference problem in
nanohemodynamics, heat conduction in nanoscale, and electronic current

flow in carbon nanotube.

Following the previous review, this work proposes a new integral

transform method called the natural transform method [21, 22], and applies
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it to find exact solutions to nonlinear partial differential equations. The aim
of this paper is to develop a new technique to solve the system of partial
differential equations by the natural homotopy perturbation method and He’s
polynomial. The natural homotopy perturbation method (N-HPM) provides
solution as a rapidly convergent series.

2. Natural Transform

In this section, we present some basic idea about the natural transform

method. The natural transform of the function f(z) for ¢ € (-0, ) is
defined by [21, 22]:

N[f(®)] = R(s, u) = Ii} e f(ut)dt, s, u e (-0, ), (1)

where N[f(¢)] is called the natural transform of time function. Variables

s and u are the natural transform variables.

Equation (1) can be written as
ML) = N L]+ N0 @
where
N =R 6= [ i suel=0  0)
and

N*[f()]= R (s, u) = j “Sf(ut)dt, s, u € (0, o). 4)

If the real functions f(¢)>0 and f(r)=0 for #<0 are piecewise

continuous, exponential order, then we define the natural transform on the set
= O1IM, . 1 > 0, | £(0)| < M7 if 1 € (1) x [0, )}

as

NUAOH@] = N0 = R (o) = [ e flun)de, s.u e (0. ),
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where H(-) is the Heaviside function. Now we give some important

properties of the natural transform.

Table 1. Some important properties of natural transform

/0 N/
1 %
at 1
sin(¢) > Z .
¥(t) Y(s, u)
ylat) %Y(s, u)
| g
O | -0 - 2O

3. Natural Homotopy Perturbation Transform Method

Consider the system of partial differential equations:
Ltv(x= t) + Lxxv(xa t) + FI(V, W) = hl(xa t)a

Lom(x, t)+ Loow(x, )+ B (v, w) = hy(x, 1)

subject to the initial conditions

where L, is the first order linear differential operator L,

v(x, 0) = g(x),

W(x’ O) = g2(x)s

®)

(6)

L, is the
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2

second order linear differential operator Ly, = —, F(v, w) and F,(v, w)
Ox

represent the general nonlinear differential operators and /4 (x, ) and

hy(x, t) are the source terms.

Using the differentiation property of the natural transform, we have
s v(x, 0)
- V(x, s, u)- ——=+ N[L,v]+ N[F (v, w)] = N[}y(x, t)],

W(x 0, N[Zyw] + N[F (v, w)] = N[y (x, 1)) (7)

s
;W(x, s, u)—
Substituting (6) into (7), we have

%V(x, s, u) — # + N[L,,v] + N[F (v, w)] = N[iy(x, 1)],

%W(x, s, u)— ng(x) + N[L,,w] + N[F5 (v, w)] = N[hy(x, 1)].
We have

Ve, sow0) = B L e, )] - ML) - £ NTR(, )

X u u u
W(x, s, u)= ng() +< N[, (x, t)] - . N[L, . w] - 5 N[F (v, w)]. ()
Operating with the natural inverse on both the sides of (8) gives

v(x, t) = Hy(x, t) - Nl[% N[L,,v + F (v, w)]}

w(x, t) = Hy(x, 1) — N_l[% N[L,,w + F5 (v, w)]}, 9)

where Hi(x, t) and H,(x, t) represent the terms arising from the source

term and the prescribed initial conditions. Now, we apply the homotopy

perturbation method.
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Let the solution of (5) be in the form

v(x, t) = anvn(xa Z),
n=0

w(x, 1) = D pw,(x, 1), (10)
n=0

and the nonlinear terms can be decomposed as

0
Fl(v’ W) = anAn(v’ W)’
n=0

Fy(v, w) = Y p"B, (v, w), (11)
n=0

where 4,(v, w) and B, (v, w) denote He’s polynomials defined by

12
n! ﬁp”

Ay (Vs Vis weor Vips Wos W eeer W) = [£(v, w)]pzo, n=0,1,2, ..,

1 "
B,(Vos Vis wos Vigs Wos Wy vy W) = =i - [F5 (v, W)]p=0’ n=0,1,2, ...
Top

We have

N_ll% N{Lxxz;)"vn + Zp"An ]”,
n=0 n=0

D pMva(e ) = Hi(x 0) = p

n=0
D Pl 1) = Ha(x, 1)~ p{N‘ll% N[Lxep”wn + Zp”Bnm. (12)
n=0 n=0 n=0

Then, by comparing both the sides of (12), we have
Y volx, 1) = Hy(x, 1),

cwyl(x, 1) = Hy(x, 1),
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pinln ) = N7 Loy + 4]
: wl(x, t) = —Nl[%N[LxxWO + Bo]jl,
P 1) = N E L + 4]

1l u
: Wz(x, t) = -N l:; N[Lxxwl + Bl]:|,

We obtain the recurrence relations:

Vpar(x, 1) = —N‘l[% N[Lv, + A,,]}, n=0,12,..,

Wy (x, 1) = —N_l[% N[Lw, + Bn]} n=0,12, ... (13)

The best approximation solution of (5) is

o0
V(x, t) = lim anvl’l = +V] +V2 +eey
p—)ln_o

0

w(x, t) = lim Zp"wn =Wp+ W +wy + e (14)
p—1 "m0

4. Example Illustrations

Example 1. Consider the system of nonlinear partial differential
equations of the form

E—&C—2—2W§+F=O (15)
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subject to the initial conditions
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v(x, 0) = sin x,
w(x, 0) = sin x. (16)
By taking the natural transform to both the sides of (15), we obtain
2
2v(x, s, u)—M—N oy _N[QVQ_M} -0,
u u ox? Ox Ox
2
Sy, s, u)- 229 N[a g”} - N[zwa—w - 6(vw)} 0. (7
u u Ox Ox Ox
By substituting (16) into (17), we obtain
: 2
Vix, s, u)= SLLEES (el + ZN[ZV@ - _6(vw)}
s a2 s Ox Ox
(s, s, 0) = S22y O +3N[2wa—w—MJ (18)
> s s a2 s Ox ow |
Taking inverse natural transform of (18), we have
5 T
v(x, t) =sinx + N LN v + N_l[ﬂ N[2v@ _ Mﬂ’
s ax? ] s ox  Ox
)
w(x, t) = sinx + N XN owll, Nl[ﬁ N[zwﬁ_w _ a(VW)ﬂ'
s ax? | s ox ox
We now consider infinite series solutions of v(x, ¢) and w(x, ©):
M 1) = Y P 1),
n=0
0
w(x, t) = Z pwy(x, t). (19)

n=0
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For nonlinear terms, we let

0

ov  olw) B n
2V§_ O - Fi(v’ W) - Zp An(v’ W);
n=0
ow o) _ R
2w§ e - F(v, w)= Z:‘)p B,(v, w), (20)
n=

where 4, (v, w) and B, (v, w) are He’s polynomials of nonlinear terms

n
Ay (VOs Vis coes Vs Wos W veer W) = i [A(, w)l,p, n=0,1,2,...,
1 0"
B, (Vs Vis veor Vigs W Wiy weey Wy ) = 56 - [F5 (v, w)]pzo, n=0,1,2, ...
T op

By homotopy perturbation method, we have

i P, (x, 1) = sin x + p[ {— {5—22 ”

n=0
-1|u - n
S]]

prn(xt)—slnx+p{ { {ZZpWH

n=0
-1 u . n

Then, by comparing both the sides of (22), we have the general recursive
relation as follows:

po :vo(x, 1) = sin x,

twp(x, £) = sin x,
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-
pliv(x, ) = N_{% NBX—VZO} + N_l[% N[AO]},

2
: _ N # ey 970 fu
()= N7 4 }N [SN[BO]}

[ A2
PP iv(x, 1) = NN Mﬂ + N_l[% N[Al]}

s | ox?
s (x, 1) = N_l{% N{%ﬂ + N_l[% N[B, ]}.

Therefore, the recursive relations are given by

5 ,
1 u | Oy, 1| u
Vyr(x, 1) =N 1{; N{#Zl} +N II:?N[An]:l, n >0,

o>

Wy (x, 1) = N‘l{% N{% } + N_l[% N[Bn]}, nz0.
In order to compute v, i(x,¢) and w, (x,?), we have to find
Ay, By, 41, By, ..., 4,, B, as follows:
Ao = 2vovox — (vowo),»
By = 2wowo, — (vowo),»
A = 2[vovox + vivox ] = [(vowr), + (viwo), ],

By = 2[wywiy + wwpy] = [(vowr), + (wp) . ],

We have

2
Vl(x, t) = N_1|:% N|:aa—vzo:|:| + N_lli% N[Q,VOVOX — (VOWO)x]:| = —¢sin X,
X
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A
w(x, 1) = N7! %N aavgo } + N_l[% N[2wowp, — (vowo)x]} = —tsinx,
x

A
v(x, 1) = N %N Z?}
X

2
1| u .
+N [; N[2[vgviy + vvor ] = [(vowy), + (vpwo )x]]} = > sinx,

wy(x, t) = N_{% N{%ﬂ

2
1|l u .
+N [; N[2[wowiy + wiwpy ] = [(vowr), + (wy )x]]} = Sysinx.

In the same manner, we obtain

3

v(x, 1) = —t3—!sin X,

1‘3

wy(x, 1) = —ﬁsin X,

Therefore, the best approximation solution is

2P
v(x,t)=v0+v1+v2+---=smx1—t+j—?!+---
and
2 3
w(x, 1) = wy + w +w RN i b [ STHLA S
’ o T 23 ‘

Therefore, we obtain the exact solution of (15) as
v(x, 1) = e ' sin x,

w(x, t) = e ' sin x.
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5. Conclusion

In this paper, the natural homotopy perturbation method is simple for
solving the system of partial differential equation. We successfully found
exact solutions of examples considered. It has been observed that the
suggested method is very efficient for solving nonlinear problem without
using Adomian’s polynomial. Our goal in the future is to apply this method

to fractional differential equations.
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